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Abstract
The paper addresses the design of methodological frameworks to construct a chaotic system with a predefined
attractor. These frameworks are based on an algebraic attractor equation, which defines a set of system state
coordinates in the phase plane and the interrelations between them. We consider using polar curves equations
to describe a system attractor, but it is also possible to use equations in other coordinate systems. In all cases,
one should define the interrelations between system state variables and the attractor’s coordinates as some
algebraic dependencies. Differentiating these dependencies with respect to time yields the equations of motion for
a new dynamical system describing motion along the horizontal and vertical axes. Due to the strong dependency
between system state variables and attractor coordinates, it is possible to construct a novel dynamical system
with separate and interconnected channels. Such systems can be implemented in continuous and discrete time
domains using various analog and digital devices and elements. We demonstrate the application of our approach
by designing a chaotic system based on the well-known Mackey-Glass equation and a desired cardioid-like
attractor implemented on an Arduino Due board. Our studies show hidden chaos in the designed system while
the desired attractor is formed.
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1. Introduction

Nowadays, control theory is gaining popularity due to its use in various areas of engineering and
scientific applications [1]. It becomes possible due to the significant advances in mathematics, which
allow us to construct precise models and algorithms [2]. The main feature of such models, which are
based on ordinary differential equations, is the possibility to study both regular and chaotic motions [3]
that define the dynamics of various technical systems in different applications.

One of the most important applications is the route planning for autonomous mobile robots, which
finds its use to solve different tasks [4]. Depending on the performed tasks, robot motions should be
regular periodical and irregular chaotic [5] ones. The last motions are produced using chaotic systems
showing complex, unpredictable behaviour that depends heavily on initial conditions [6]. A lot of papers
devoted to design and impelemntation of various chaotict systems by using modern microcontrollers
and Arduino-based boards are among them [7]. The implemnted in such a way systems have been
studied for decades, often through the analysis of their attractor [8].

Most known integer and fractional-order chaotic attractors are self-excited [9]. Their basins of
attraction are connected to unstable equilibrium points. This property makes them easier to find. A
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small disturbance near an unstable equilibrium typically excites the attractor. As a result, they are well
understood and widely used in modeling and design.

In contrast, hidden attractors are much harder to detect [10]. Their basins of attraction are not
connected to any equilibrium, and starting a simulation near an equilibrium will never reveal the
attractor. Instead, the hidden attractor may be reached only from specific initial conditions, often far
from any equilibrium point [11]. This fact makes them invisible to traditional numerical methods and
requires more careful analysis.

Hidden attractors were discovered only in the past decade [12]. They have sparked interest because of
their surprising and sometimes dangerous behavior. In mechanical systems, they can cause unexpected
vibrations. In electronics, they may lead to unpredictable oscillations. In secure communication, their
unpredictability can be used as an advantage. Because they are hard to locate, hidden attractors may
also hide instabilities that designers are unaware of.

Studying hidden attractors helps us understand the full range of behaviours a system can show. It
also forces us to improve our simulation techniques. New methods for detecting hidden attractors
are being developed, including analytical approaches and refined numerical searches. These tools are
helping researchers uncover attractors that were previously missed.

In our paper, we use a predefined attractor equation that defines a hidden attractor of the system
and is expressed in polar coordinates. Such an approach allows us to use some known chaotic system’s
output as an argument for polar curves and define chaotic motions along these curves by transforming
system motions from polar coordinates to orthogonal ones and differentiating components of system
position.

2. Method

2.1. Continuous-time infinite-dimensional dynamical system in polar coordinates

Let us consider a motion equation of the generalized nonlinear dynamical system with delayed feedback

𝜃̇ = 𝑓(𝜃, 𝜃𝜏 ), (1)

here 𝜃 is the state variable of the system, 𝜏 is a time delay, 𝜃𝜏 denotes the delayed state variable, 𝑡 is a
system time, 𝑓(.) is some nonlinear function.

It is well known that delayed feedback is required information about the system’s previous states.
From the control theory viewpoint, such a system is infinite-dimensional dynamical system. The
trajectories of such systems lie in an infinite-dimensional phase space formed by the values of the state
variable at different past instants. On the other hand, the considered system is defined by using only
one state variable; thus, its motion can be localized by the position of the system representative point
in some coordinate axis.

It is clear that in the most general case, it is possible to consider (1) as an evolution equation governing
the motion. Since, in the most general case, such a system can have no physical meaning or have already
been technically implemented, we can consider it as the mathematical foundation for generating signals
that can be used in different applications.

Since some systems have no physical nature, considering (1) simultaneously with studying its
properties raises the problem of interpretation of the obtained data because this data can describe
different processes. Clearly, in the case of the generalized system study, it is possible to consider its
output at will. We propose to interpret the solution (1) as some driving signal.

In our paper, we propose consider the above-mentioned transitional signal 𝜃 as an argument for the
generalized polar curve equation

𝜌 = 𝑔(𝜃), (2)

here we consider 𝜌 as some virtual nonlinear-dependent state variable to increase the number of used
state variables that define system motions.
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Such a signal interpretation gives us the possibility to define a new signal 𝑟ℎ𝑜, which is some
nonlinear function 𝑔(.) of the transitional signal 𝜃. Using signals 𝜌 and 𝑡ℎ𝑒𝑡𝑎 makes it possible to
define some polar axes and study system motions in a new coordinate plane by using angular and linear
positions of the system representative point. These positions can be considered nonlinear-dependent,
but contrary to solution (1), they define system position in a plane instead of one axis. Thus, using
(1) and (2) allows us to increase the coordinate system’s order, where the system trajectory’s current
values are studied.

One can consider (1) and (2) as differential-algebraic equations. Obtaining the general solution for
such a system is very hard, so we propose use known numerical methods instead. The joint solution of
(1) and (2) allows us to study the motion of the considered nonlinear systems in polar coordinates. It is
very convenient to use such coordinates while the motion of a body in a plane is implemented due to
the possibility of operating its angular and linear speeds.

If the problem of path planning is solved, it is possible to find that using the above-mentioned
approach is quite tricky since it defines body motion but does not show the coordinates in the plane
where the body occurs. We solve this problem by performing a transformation from polar to Cartesian
coordinates as follows

𝜃̇ = 𝑓(𝜃, 𝜃𝜏 ), 𝜌 = 𝑔(𝜃), 𝑥 = 𝜌 cos 𝜃, 𝑦 = 𝜌 sin 𝜃. (3)

It is clear that (3) defines system polar coordinates and then its Cartesian ones in a series way, and due
to the considered dependence of the system’s linear position on the angular one, (3) can be rewritten as
follows

𝜃̇ = 𝑓(𝜃, 𝜃𝜏 ), 𝑥 = 𝑔(𝜃) cos 𝜃, 𝑦 = 𝑔(𝜃) sin 𝜃 (4)

to decrease the number of system variables and thus reduce the hardware resources used to implement
the considered system.

From a control theory viewpoint, (4) is a multi-output dynamical system that produces two nonlinear
output signals at the same time. Contrary to (1)-(2), (4) defines system position by using these outputs
only, so the second and third expressions in (4) can be considered as the observability equations for a
dynamical system whose motion is defined by the first equation in (4). Using (4) to simulate system
motion and define its position is very convenient since the numerical integration procedures should be
used for only one equation per calculation cycle.

At the same time, the use of analytical and numerical methods to study system dynamics without
performing simulation of its motions but using methods which are based on considering system
frequency response and its derivatives, as well as algebraic methods which are based on considering
system eigenvalues, Lyapunov functions, etc., requires operating with differential equations. That is
why we offer to rewrite (4) in the form of differential equations, by differentiating the observability
equations

𝑥̇ =
𝜕𝑔(𝜃)

𝜕𝜃
𝜃̇ cos 𝜃 − 𝑔(𝜃)𝜃̇ sin 𝜃; 𝑦̇ =

𝜕𝑔(𝜃)

𝜕𝜃
𝜃̇ sin 𝜃 + 𝑔(𝜃)𝜃̇ cos 𝜃; 𝜃̇ = 𝑓(𝜃, 𝜃𝜏 ). (5)

The main feature of (5) is the dependencies of all linear system coordinates from its angular speed
and position, which have a strong pattern that is the multiplication of the system angular speed by
some nonlinear function that depends on the system position. At the same time, if one divides the
second equation (5) by the first one

𝑦̇

𝑥̇
=

𝜕𝑔(𝜃)
𝜕𝜃 sin 𝜃 + 𝑔(𝜃) cos 𝜃

𝜕𝑔(𝜃)
𝜕𝜃 cos 𝜃 − 𝑔(𝜃) sin 𝜃

; 𝜃̇ = 𝑓(𝜃, 𝜃𝜏 ), (6)

the motion speed in the phase plane can be defined. We call (6) the differential equation of the system
phase portrait.

As we can see, this speed depends only on the system’s angular position and does not depend on its
angular speed. However, it is possible to find the angular position 𝜃 by integrating the second equation
(6).
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The above-mentioned studied system’s feature requires defining one system’s polar coordinate before
defining its Cartesian ones. One can find that it is redundant while the system’s motion in a plane is
studied.

We offer to avoid the above-mentioned redundancy by using the following generalized algorithm:

• At first, we substitute the third equation of (5) in the first and second ones

𝑥̇ =
𝜕𝑔(𝜃)

𝜕𝜃
𝑓(𝜃, 𝜃𝜏 ) cos 𝜃−𝑔(𝜃)𝑓(𝜃, 𝜃𝜏 ) sin 𝜃; 𝑦̇ =

𝜕𝑔(𝜃)

𝜕𝜃
𝑓(𝜃, 𝜃𝜏 ) sin 𝜃+𝑔(𝜃)𝑓(𝜃, 𝜃𝜏 ) cos 𝜃. (7)

Equations show that in the case when the coordinate of the initial dynamical system is considered
as its angular position, we can define the generalized equations for the components of the system’s
linear speed in its phase plane as a function of the current and previous system angular positions.

• Then, we solve second and third equations of (4) for system angular position 𝜃

𝜃 = 𝑔−1
𝑥 (𝑥), 𝜃 = 𝑔−1

𝑦 (𝑦), (8)

here 𝑔−1
𝑥 (𝑥) and 𝑔−1

𝑦 (𝑦) are solution of the above-mentioned algebraic equations from (4).
Determination of functions 𝑔−1

𝑥 (𝑥) and 𝑔−1
𝑦 (𝑦) is possible only in a few particular cases. In most

cases, the solution (8) can be obtained only numerically.
• At third, we substitute (8) into (7) and define system motions in such a way

𝑥̇ = 𝜕𝑔(𝑔−1
𝑥 (𝑥))

𝜕𝑔−1
𝑥 (𝑥)

𝑓(𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑥𝜏 )) cos(𝑔
−1
𝑥 (𝑥))− (9)

−𝑔(𝑔−1
𝑥 (𝑥))𝑓(𝑔−1

𝑥 (𝑥), 𝑔−1
𝑥 (𝑥𝜏 )) sin(𝑔

−1
𝑥 (𝑥));

𝑦̇ =
𝜕𝑔(𝑔−1

𝑦 (𝑦))

𝜕𝑔−1
𝑦 (𝑦)

𝑓(𝑔−1
𝑦 (𝑦), 𝑔−1

𝑦 (𝑦𝜏 )) sin(𝑔
−1
𝑦 (𝑦)) +

+𝑔(𝑔−1
𝑦 (𝑦))𝑓(𝑔−1

𝑦 (𝑦), 𝑔−1
𝑦 (𝑦𝜏 )) cos(𝑔

−1
𝑦 (𝑦)).

Analysis of (9) allows us to claim that the motion of the considered system is defined in Cartesian
coordinates only, and no other coordinates are used. Moreover, the definition of system angular position
𝜃 as a function of 𝑥 and 𝑦 makes it possible to define two independent equations that can be solved
separately to find a corresponding system coordinate. This approach allows us to solve each of (9) using
different devices, cores, and computational units to improve system performance. Also, we can find that
only one equation from (9) can be solved at the current time. This allows us to solve one equation from
(9), store its solution as some array of numbers, and then solve another equation using the same device.

At the same time, the separate solution of (9) can cause some computational errors due to the discrete
nature of numerical integration routines. These errors can be different for each equation in (9) and,
thus, cause a significant difference from the desired motion trajectories. We offer to consider possible
computational errors and define some interrelations between the first and second equations in (9) to
compensate for them.

One of the ways to establish interrelations between system coordinates is by using each solution (8)
in each equation (9). Generally speaking, we can define various interrelations that are out of the scope
of the current paper and the topic of our future studies.

Here we only designate the symmetrical and asymmetrical forms of interrelated equations.
The symmetrical one can be given as follows:

𝑥̇ = 𝜕𝑔(𝑔−1
𝑥 (𝑥))

𝜕𝑔−1
𝑥 (𝑥)

𝑓(𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑥𝜏 )) cos(𝑔
−1
𝑥 (𝑥))− 𝑔(𝑔−1

𝑦 (𝑦))𝑓(𝑔−1
𝑦 (𝑦), 𝑔−1

𝑦 (𝑦𝜏 )) sin(𝑔
−1
𝑦 (𝑦)); (10)

𝑦̇ =
𝜕𝑔(𝑔−1

𝑦 (𝑦))

𝜕𝑔−1
𝑦 (𝑦)

𝑓(𝑔−1
𝑦 (𝑦), 𝑔−1

𝑦 (𝑦𝜏 )) sin(𝑔
−1
𝑦 (𝑦)) + 𝑔(𝑔−1

𝑥 (𝑥))𝑓(𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑥𝜏 )) cos(𝑔
−1
𝑥 (𝑥)).

These equations define the second summands of each equation as cross-links to transform the
information about the coordinate 𝑥 channel, which forms another one 𝑦, and vice versa.
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The asymmetrical one can be rewritten in such a way:

𝑥̇ = 𝜕𝑔(𝑔−1
𝑥 (𝑥))

𝜕𝑔−1
𝑥 (𝑥)

𝑓(𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑥𝜏 )) cos(𝑔
−1
𝑥 (𝑥))− 𝑔(𝑔−1

𝑥 (𝑥))𝑓(𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑥𝜏 )) sin(𝑔
−1
𝑥 (𝑥)); (11)

𝑦̇ =
𝜕𝑔(𝑔−1

𝑦 (𝑦))

𝜕𝑔−1
𝑦 (𝑦)

𝑓(𝑔−1
𝑦 (𝑦), 𝑔−1

𝑦 (𝑦𝜏 )) sin(𝑔
−1
𝑦 (𝑦)) + 𝑔(𝑔−1

𝑥 (𝑥))𝑓(𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑥𝜏 )) cos(𝑔
−1
𝑥 (𝑥)).

One can use information only about one coordinate 𝑥 in the second summand in both equations in
this case.

It is clear that, regardless of the form of the equations used, it is necessary to solve both equations
simultaneously.

The main feature of (9)-(11), as well as (7), is the determination of their right-hand expressions with
harmonic functions of current values of system state variables. Since these harmonic functions are
defined explicitly, we claim the definition of a dynamical system with a periodic nonlinear function in
the right-hand expressions.

Analysis of the given equations shows that, in all cases, considering the dynamical system output in
polar coordinates with subsequent transformation into Cartesian coordinates enables to increase the
number of variables to study the system dynamics.

2.2. Discrete-time models of infinite-dimensional systems in polar coordinates

All above-obtained equations are given in continuous time domain, which reflects the continuous nature
of the system’s operating time. At the same time, the technical implementation of such systems poses
challenges when high-precision analogue circuitry is required, especially when the studied systems
do not have real technical analogues and are constructed from scratch using only some mathematical
equations.

Nowadays, such systems are typically implemented using digital programmable devices such as
MCUs, DSPs, FPGAs, and others, which are discrete-time devices driven by some oscillations at fixed
time intervals.

Contrary to the continuous-time systems, whose motions are defined by differential equations, the
motions of discrete-time systems are defined using finite-difference equations. This type of equa-
tions differs from differential ones by using a finite-difference approximation of derivatives instead of
differentiating functions and signals.

In our paper, we define the following generalized approximation operator

𝜕𝑞1
𝜕𝑞2

≈ 𝐷(𝑞1, 𝑧
−1𝑞1, . . . , 𝑧

−𝑛𝑞1, 𝑞2, 𝑧
−1𝑞2, . . . , 𝑧

−𝑚𝑞2), (12)

here 𝑞1 and 𝑞2 are two signals that define some derivative, 𝑧 is a shift operator, and 𝑧−𝑖 means that the
previous values of system state variable are taken for the time moment 𝑡− 𝑖𝑇𝑠, 𝑇𝑠 is a sample time, 𝑛
and 𝑚 are number of used previous values of system state variables.

It is clear that (12) is the most general operator to approximate signal derivatives using its current and
previous values. The high orders of previous values can be used to correct the approximated derivative
and smooth it out using various numerical integration methods. At the same time, it is possible to easily
simplify (12) in such a way

𝜕𝑞1
𝜕𝑞2

≈ 𝐷1(𝑞1, 𝑧
−1𝑞1, 𝑞2, 𝑧

−1𝑞2) (13)

by using only the current and previous values of signals to define their first derivative.
Approximations (12) and (13) define the approximation of the first derivative of one signal by another,

and that is why we use both of these signals as the arguments of the proposed approximation operator.
We offer to use them to define the partial derivatives in the first summands (9)–(11).
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At the same time, we can analyze these equations and find derivatives of signals 𝑥 and 𝑦 concerning
time. We offer to approximate such derivatives by using the following generalized operators

𝑑𝑞1
𝑑𝑡

≈ 𝐷𝑡(𝑞1, 𝑧
−1𝑞1, . . . , 𝑧

−𝑛𝑞1), (14)

and

𝑑𝑞1
𝑑𝑡

≈ 𝐷𝑡1(𝑞1, 𝑧
−1𝑞1) (15)

which are similar to previously defined ones by using information only for the values of one signal,
which is differentiating.

Specific definitions of the considered approximation operators depend on the finite difference scheme
and algorithms. In the simplest case, we can use a linear finite difference formula, which we generalize
for the case of approximating some generalized derivative as follows

𝐷1(𝑞1, 𝑧
−1𝑞1, 𝑞2, 𝑧

−1𝑞2) =
𝑞1−𝑧−1𝑞1
𝑞2−𝑧−1𝑞2

, (16)

𝐷𝑡1(𝑞1, 𝑧
−1𝑞1) =

𝑞1−𝑧−1𝑞1
𝑇𝑠

. (17)

In a more complex case, it is possible to use some nonlinear combinations of system state variables to
improve the accuracy of the considered discrete-time system and make its motions close to the motions
of the initial nonlinear system.

Another feature of the considered infinite-dimensional systems is the use of time-delayed signals.
Contrary to a continuous-time system, which can use any time delay values, in discrete-time systems,
these values should be quantized in time. Thus, we use the trivial formulas to approximate the time
delay 𝜏

𝜏 ≈ 𝜏𝐷 = 𝑇𝑠

[︂
𝜏

𝑇𝑠

]︂
= 𝑇𝑠𝑗. (18)

Here, using square brackets means taking the integer part of a fraction, and 𝑗 means the address of a
previously defined system state variable in the discrete-time system’s storage element.

In case of known and continuous sample time, we can define the time-delayed signals by using the
shift operator as follows

𝑥𝜏 ≈ 𝑧−𝑗𝑥, 𝑦𝜏 ≈ 𝑧−𝑗𝑦. (19)

If one takes into mind approximations (19), (15), and (13), he can rewrite (9)–(11) in following way

𝐷𝑡1(𝑥, 𝑧
−1𝑥) = 𝐷1(𝑔(𝑔

−1
𝑥 (𝑥)), 𝑔(𝑔−1

𝑥 (𝑧−1𝑥)), 𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑧−1𝑥))𝑓(𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑧−𝑗𝑥))× (20)

× cos(𝑔−1
𝑥 (𝑥))− 𝑔(𝑔−1

𝑥 (𝑥))𝑓(𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑧−𝑗𝑥)) sin(𝑔−1
𝑥 (𝑥));

𝐷𝑡1(𝑦, 𝑧
−1𝑦) = 𝐷1(𝑔(𝑔

−1
𝑦 (𝑦)), 𝑔(𝑔−1

𝑦 (𝑧−1𝑦)), 𝑔−1
𝑦 (𝑦), 𝑔−1

𝑦 (𝑧−1𝑦))𝑓(𝑔−1
𝑦 (𝑦), 𝑔−1

𝑦 (𝑧−𝑗𝑦))×
× sin(𝑔−1

𝑦 (𝑦)) + 𝑔(𝑔−1
𝑦 (𝑦))𝑓(𝑔−1

𝑦 (𝑦), 𝑔−1
𝑦 (𝑧−𝑗𝑦)) cos(𝑔−1

𝑦 (𝑦)),

𝐷𝑡1(𝑥, 𝑧
−1𝑥) = 𝐷1(𝑔(𝑔

−1
𝑥 (𝑥)), 𝑔(𝑔−1

𝑥 (𝑧−1𝑥)), 𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑧−1𝑥))𝑓(𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑧−𝑗𝑥))× (21)

× cos(𝑔−1
𝑥 (𝑥))− 𝑔(𝑔−1

𝑦 (𝑦))𝑓(𝑔−1
𝑦 (𝑦), 𝑔−1

𝑦 (𝑧−𝑗𝑦)) sin(𝑔−1
𝑦 (𝑦));

𝐷𝑡1(𝑥, 𝑧
−1𝑦) = 𝐷1(𝑔(𝑔

−1
𝑦 (𝑦)), 𝑔(𝑔−1

𝑦 (𝑧−1𝑦)), 𝑔−1
𝑦 (𝑦), 𝑔−1

𝑦 (𝑧−1𝑦))𝑓(𝑔−1
𝑦 (𝑦), 𝑔−1

𝑦 (𝑧−𝑗𝑦))×
× sin(𝑔−1

𝑦 (𝑦)) + 𝑔(𝑔−1
𝑥 (𝑥))𝑓(𝑔−1

𝑥 (𝑥), 𝑔−1
𝑥 (𝑧−𝑗𝑥)) cos(𝑔−1

𝑥 (𝑥)).

𝐷𝑡1(𝑥, 𝑧
−1𝑥) = 𝐷1(𝑔(𝑔

−1
𝑥 (𝑥)), 𝑔(𝑔−1

𝑥 (𝑧−1𝑥)), 𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑧−1𝑥))𝑓(𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑧−𝑗𝑥))× (22)

× cos(𝑔−1
𝑥 (𝑥))− 𝑔(𝑔−1

𝑥 (𝑥))𝑓(𝑔−1
𝑥 (𝑥), 𝑔−1

𝑥 (𝑧−𝑗𝑥)) sin(𝑔−1
𝑥 (𝑥));

𝐷𝑡1(𝑥, 𝑧
−1𝑦) = 𝐷1(𝑔(𝑔

−1
𝑦 (𝑦)), 𝑔(𝑔−1

𝑦 (𝑧−1𝑦)), 𝑔−1
𝑦 (𝑦), 𝑔−1

𝑦 (𝑧−1𝑦))𝑓(𝑔−1
𝑦 (𝑦), 𝑔−1

𝑦 (𝑧−𝑗𝑦))×
× sin(𝑔−1

𝑦 (𝑦)) + 𝑔(𝑔−1
𝑥 (𝑥))𝑓(𝑔−1

𝑥 (𝑥), 𝑔−1
𝑥 (𝑧−𝑗𝑥)) cos(𝑔−1

𝑥 (𝑥)).

We call (20)–(22) as the discrete-time models of the generalized infinite-dimensional dynamical system
and offer to implement these systems using various digital devices. To improve system properties
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and features, it is possible to use more complex approximations (12) and (13). Moreover, the simplest
backward feedback differences (16) and (17) can be replaced with the Tustin transformation or more
complex ones to increase the stability indicators for the designed discrete-time systems.

One can use (20)–(22) to define the current values of system state variables by solving these equations
for 𝑥 and 𝑦. Such a solution can be given as follows

𝑥 = ℎ𝑥(𝑧
−1𝑥, 𝑧−𝑗𝑥), 𝑦 = ℎ𝑦(𝑧

−1𝑦, 𝑧−𝑗𝑦), (23)

here ℎ𝑥 and ℎ𝑦 are solutions of (20)–(22).
In the most general case, due to the nonlinearities (20)–(22), the solutions (23) cannot be given

analytically, and one should use the Newton-Raphson numerical methods to find the functions ℎ𝑥(.)
and ℎ𝑦(.). Such an approach allows us to consider these functions in the class of iterative functions and
thus generalize the considered discrete-time model into a class of models with iterations. Using such
models to solve the inverse dynamic problem is quite interesting from the control theory viewpoint and
control algorithm determination. We leave the design of such controllers for our future works and here
remark that we can use (23) to implement the designed model in various digital programmable devices.

3. Results and discussion

3.1. Modeling of Mackey-Glass system with cardioid attractor

Let us consider using the proposed approach to define motion trajectories of a well-known Mackey-Glass
system, whose dynamics we describe by the following differential equation

𝜃̇ = 𝛾𝜃 + 𝛽
𝜃𝜏

1 + 𝜃𝑛𝜏
, (24)

here 𝛾 = −1 and 𝛽 = 2 are system’s weight factors, 𝑛 = 10 is power factor, and 𝜏 = 4 is system
time delay. The values for the above-mentioned factors form a chaotic dynamic for the considered
Mackey-Glass system.

In our paper, we show the use of our approach by considering a chaotic system design with a
cardioid-like attractor. However, our approach allows us to use any polar curve even highly complex
ones.

The cardioid curve is defined by the following equation

𝜌 = 1 + cos(𝜃). (25)

Let us define projections of radius-vector 𝜌 in Cartesian coordinate axes

𝑥 = 𝜌 cos(𝜃); 𝑥 = 𝜌 sin(𝜃). (26)

Substituting (25) into (26) yields following expressions

𝑥 = cos(𝜃) + cos2(𝜃); 𝑦 = sin(𝜃) + sin(𝜃) cos(𝜃), (27)

we consider as observability equations for system (24).
According to the above-considered approach, it is necessary to use direct and inverse dependencies

between the system position in different coordinates. That is why, before constructing the system
model in Cartesian coordinates, we solve (27) for 𝜃.

The first equation in (26) can be solved analytically for the considered system’s angular position 𝜃

𝜃1𝑥 = arccos
(︀
−0.5 + 0.5

√
1 + 4𝑥

)︀
; 𝜃2𝑥 = 𝜋 − arccos

(︀
0.5 + 0.5

√
1 + 4𝑥

)︀
. (28)

At the same time, there is no analytical solution for the second equation of (24), and we propose use
numerical routines from the SciPy library to solve it.

This solution is obtained by using following algorithm:
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• Firstly, we introduce a new variable 𝑢 which interrelates with 𝑡ℎ𝑒𝑡𝑎 as follows

𝑢 = sin(𝜃) (29)

and solve (29) as follows
𝜃 = arcsin(𝑢). (30)

• Secondly, we rewrite second equation (24) in terms of 𝑢 and 𝑦 only

𝑦 = 𝑢+ 𝑢
√︀

1− 𝑢2. (31)

• Thirdly we analyze (25) and (26) as well as cardioid plot (figure 1)

−0.5 0 0.5 1 1.5 2

−1

0

1

ymin

ymax

xmin xmax

x

y

y(x)

Figure 1: Cardioid in Cartesian coordinates.

and find intervals of possible values for 𝑥 and 𝑦 outputs

𝑥 ∈ [𝑥𝑚𝑖𝑛, 𝑥𝑚𝑎𝑥]; 𝑦 ∈ [𝑦𝑚𝑖𝑛, 𝑦𝑚𝑎𝑥]. (32)

• At fourth, we use SciPy fsolve routine to find solution of (31) for 𝑦 from interval (32). This
solution is shown in figure 2
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Figure 2: Results of numerical solution (31).
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• At fifth, we use the given in Figure 2 function to define an approximated polynomial

𝑢̃ = 𝑎3𝑦
3 + 𝑎1𝑦1, (33)

here, the factors 𝑎3 = 0.0797 and 𝑎1 = 0.475 yielding a coefficient of determination 𝑅2 = 0.999,
which confirms the high accuracy of the approximation.
It is clear that for other cases, one should use other approximation functions and techniques,
such as cubic splines, to get a highly accurate approximation of a nonlinear function.

• At last, if one substitutes (33) into (30), he can obtain the dependence of system angular coordinate
𝜃 from vertical component 𝑦 of its position in Cartesian coordinates

𝜃𝑦 ≈ arcsin(𝑎3𝑦
3 + 𝑎1𝑦). (34)

It is possible to equalize (34) and (28) and write down equation which define interrelation between
horizontal 𝑥 and vertical 𝑦 system’s positions

arcsin(𝑎3𝑦
3 + 𝑎1𝑦) = arccos

(︀
−0.5 + 0.5

√
1 + 4𝑥

)︀
, (35)

here and further, we use the first simplest root of the first equation (27).
One can solve (35) to define the dependence between the considered system linear positions 𝑥 and 𝑦.
Since all interrelations between system coordinates are defined now, we consider the design of the

model for the considered system in Cartesian coordinates. According to (5) we can define such a models
by differentiating system outputs

𝑥̇ = − sin(𝜃)(2 cos(𝜃) + 1)𝜃̇; 𝑦̇ = (2 cos2(𝜃) + cos(𝜃)− 1)𝜃̇. (36)

Expressions (36) define projections of the system’s linear speed in coordinate axes and thus can be
considered as system motion equations. These equations interrelate components of linear speed with
angular ones by using complex trigonometric functions. Since, according to (24), system angular speed
depends on its angular position, it is possible to use these derivatives to define components of linear
speed as functions of system angular position by substituting (24) into (36)

𝑥̇ = − sin(𝜃)(2 cos(𝜃)+1)

(︂
𝛾𝜃 + 𝛽

𝜃𝜏
1 + 𝜃𝑛𝜏

)︂
; 𝑦̇ = (2 cos2(𝜃)+cos(𝜃)−1)

(︂
𝛾𝜃 + 𝛽

𝜃𝜏
1 + 𝜃𝑛𝜏

)︂
. (37)

Analysis (37) proves the possibility of clearly defining system motion components.
At the same time, the main feature of models (37) and (36) is the dependency of components of the

system’s linear speed from its angular position. Thus, we can claim that the considered model is the
parametric one and its usage requires solving both linear models (37) and angular one (24).

We offer avoiding this drawback by using (28) and (34) to rewrite models’ equations in terms of linear
coordinates only. As it is mentioned above and shown by (9)–(11), several cases for such models are
possible.

At first, we define equations for the model in Cartesian coordinates without any interrelations
between output signals. This model is obtained from (37) by substituting (28) and (34) in this equation

𝑥̇ = −
(︀
sin

(︀
arccos

(︀
−0.5 + 0.5

√
1 + 4𝑥

)︀)︀√
1 + 4𝑥

)︀
× (38)

×
(︂
𝛾 arccos

(︀
−0.5 + 0.5

√
1 + 4𝑥

)︀
+ 𝛽

arccos(−0.5+0.5
√
1+4𝑥𝜏)

1+arccos(−0.5+0.5
√
1+4𝑥𝜏)

𝑛

)︂
;

𝑦̇ = (2 cos2(arcsin(𝑎3𝑦
3 + 𝑎1𝑦)) + cos(arcsin(𝑎3𝑦

3 + 𝑎1𝑦))− 1)×
×
(︁
𝛾 arcsin(𝑎3𝑦

3 + 𝑎1𝑦) + 𝛽 arcsin(𝑎3𝑦3𝜏+𝑎1𝑦𝜏 )
1+arcsin(𝑎3𝑦3𝜏+𝑎1𝑦𝜏 )𝑛

)︁
.

Equations (38) define motions of two independent dynamical systems. One can use the proposed
approach to increase the number of system output channels that operate in parallel [13], and can be
implemented by using various devices or parts of one device.
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It should be mentioned that since no external signals are considered, the considered dynamical system
is an autonomous one and its motions are caused by non-zero initial conditions, which for (24) are
given in such a way

𝜃(0) = 𝜃0, 𝜃𝜏 (0) = 0. (39)

The usage (27) enables to define any interrelations between system coordinates and also use them, as
well as (39), to write down initial values of the system’s motion in Cartesian coordinates

𝑥(0) = cos(𝜃0) + cos2(𝜃0); 𝑦(0) = sin(𝜃0) + sin(𝜃0) cos(𝜃0), 𝑥𝜏 (0) = 2; 𝑦𝜏 (0) = 0. (40)

Analysis (40) shows the difference of system initial conditions in various coordinates. Moreover, as
we can see, the transformation of a delayed-dynamical system into another coordinate system can also
cause a change in the initial value of the delayed variable.

If one analyzes (38), he finds that these equations consist of two multipliers. The first one depends
on coordinate transformations, and the second one is defined by system motion. This fact according to
(10) and (11) enables to design dynamical systems with interconnected symmetrical

𝑥̇ = −
(︀
sin

(︀
arccos

(︀
−0.5 + 0.5

√
1 + 4𝑥

)︀)︀√
1 + 4𝑥

)︀
× (41)

×
(︁
𝛾 arcsin(𝑎3𝑦

3 + 𝑎1𝑦) + 𝛽 arcsin(𝑎3𝑦3𝜏+𝑎1𝑦𝜏 )
1+arcsin(𝑎3𝑦3𝜏+𝑎1𝑦𝜏 )𝑛

)︁
;

𝑦̇ = (2 cos2(arcsin(𝑎3𝑦
3 + 𝑎1𝑦)) + cos(arcsin(𝑎3𝑦

3 + 𝑎1𝑦))− 1)×

×
(︂
𝛾 arccos

(︀
−0.5 + 0.5

√
1 + 4𝑥

)︀
+ 𝛽

arccos(−0.5+0.5
√
1+4𝑥𝜏)

1+arccos(−0.5+0.5
√
1+4𝑥𝜏)

𝑛

)︂
;

and asymmetrical

𝑥̇ = −
(︀
sin

(︀
arccos

(︀
−0.5 + 0.5

√
1 + 4𝑥

)︀)︀√
1 + 4𝑥

)︀
× (42)

×
(︁
𝛾 arcsin(𝑎3𝑦

3 + 𝑎1𝑦) + 𝛽 arcsin(𝑎3𝑦3𝜏+𝑎1𝑦𝜏 )
1+arcsin(𝑎3𝑦3𝜏+𝑎1𝑦𝜏 )𝑛

)︁
;

𝑦̇ = (2 cos2(arcsin(𝑎3𝑦
3 + 𝑎1𝑦)) + cos(arcsin(𝑎3𝑦

3 + 𝑎1𝑦))− 1)×
×
(︁
𝛾 arcsin(𝑎3𝑦

3 + 𝑎1𝑦) + 𝛽 arcsin(𝑎3𝑦3𝜏+𝑎1𝑦𝜏 )
1+arcsin(𝑎3𝑦3𝜏+𝑎1𝑦𝜏 )𝑛

)︁
;

channels.
It is necessary to say that we can modify (41) and (42) to define various combinations of horizontal

and vertical coordinates because these coordinates are algebraically dependent according to (35).
Now we turn our attention to the implementation of the designed models.
We use backward finite difference approximation (17) for the derivative operator and (18)-(19) to

define delayed signals. After applying these formulas to (38), the following discrete-time model is
defined

𝑥 = 𝑧−1𝑥− 𝑇𝑠

(︁
sin

(︁
arccos

(︁
−0.5 + 0.5

√
1 + 4𝑧−1𝑥

)︁)︁√
1 + 4𝑧−1𝑥

)︁
× (43)

×
(︂
𝛾 arccos

(︁
−0.5 + 0.5

√
1 + 4𝑧−1𝑥

)︁
+ 𝛽

arccos(−0.5+0.5
√
1+4𝑧−𝑗−1𝑥)

1+arccos(−0.5+0.5
√
1+4𝑧−𝑗−1𝑥)

𝑛

)︂
;

𝑦 = 𝑧−1𝑦 + 𝑇𝑠(2 cos
2(arcsin(𝑎3(𝑧

−1𝑦)3 + 𝑎1𝑧
−1𝑦)) + cos(arcsin(𝑎3(𝑧

−1𝑦)3 + 𝑎1𝑧
−1𝑦))− 1)×

×
(︁
𝛾 arcsin(𝑎3(𝑧

−1𝑦)3 + 𝑎1𝑧
−1𝑦) + 𝛽 arcsin(𝑎3(𝑧−𝑗−1𝑦)3+𝑎1𝑧−𝑗−1𝑦)

1+arcsin(𝑎3(𝑧−𝑗−1𝑦)3𝜏+𝑎1𝑧−𝑗−1𝑦)𝑛

)︁
.

If one analyses (43) and compares approximation (17) with known numerical methods, he finds that
the usage of above-given finite-difference equations are similar to applying Euler backward integration
method to initial continuous time system (38).

The similar models are obtained from (41) and (42)

𝑥 = 𝑧−1𝑥− 𝑇𝑠

(︁
sin

(︁
arccos

(︁
−0.5 + 0.5

√
1 + 4𝑧−1𝑥

)︁)︁√
1 + 4𝑧−1𝑥

)︁
× (44)
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×
(︁
𝛾 arcsin(𝑎3(𝑧

−1𝑦)3 + 𝑎1𝑧
−1𝑦) + 𝛽 arcsin(𝑎3(𝑧−𝑗−1𝑦)3+𝑎1𝑧−𝑗−1𝑦)

1+arcsin(𝑎3(𝑧−𝑗−1𝑦)3𝜏+𝑎1𝑧−𝑗−1𝑦)𝑛

)︁
.

𝑦 = 𝑧−1𝑦 + 𝑇𝑠(2 cos
2(arcsin(𝑎3(𝑧

−1𝑦)3 + 𝑎1𝑧
−1𝑦)) + cos(arcsin(𝑎3(𝑧

−1𝑦)3 + 𝑎1𝑧
−1𝑦))− 1)×

×
(︂
𝛾 arccos

(︁
−0.5 + 0.5

√
1 + 4𝑧−1𝑥

)︁
+ 𝛽

arccos(−0.5+0.5
√
1+4𝑧−𝑗−1𝑥)

1+arccos(−0.5+0.5
√
1+4𝑧−𝑗−1𝑥)

𝑛

)︂
;

𝑥 = 𝑧−1𝑥− 𝑇𝑠

(︁
sin

(︁
arccos

(︁
−0.5 + 0.5

√
1 + 4𝑧−1𝑥

)︁)︁√
1 + 4𝑧−1𝑥

)︁
× (45)

×
(︁
𝛾 arcsin(𝑎3(𝑧

−1𝑦)3 + 𝑎1𝑧
−1𝑦) + 𝛽 arcsin(𝑎3(𝑧−𝑗−1𝑦)3+𝑎1𝑧−𝑗−1𝑦)

1+arcsin(𝑎3(𝑧−𝑗−1𝑦)3𝜏+𝑎1𝑧−𝑗−1𝑦)𝑛

)︁
.

𝑦 = 𝑧−1𝑦 + 𝑇𝑠(2 cos
2(arcsin(𝑎3(𝑧

−1𝑦)3 + 𝑎1𝑧
−1𝑦)) + cos(arcsin(𝑎3(𝑧

−1𝑦)3 + 𝑎1𝑧
−1𝑦))− 1)×

×
(︁
𝛾 arcsin(𝑎3(𝑧

−1𝑦)3 + 𝑎1𝑧
−1𝑦) + 𝛽 arcsin(𝑎3(𝑧−𝑗−1𝑦)3+𝑎1𝑧−𝑗−1𝑦)

1+arcsin(𝑎3(𝑧−𝑗−1𝑦)3𝜏+𝑎1𝑧−𝑗−1𝑦)𝑛

)︁
.

Contrary to the initial differential equations, the equations (43)–(45) are algebraic ones, so we can
easily solve them with programmable devices and calculate the system’s motion trajectories.

3.2. The designed systems’ numerical simulation

At first, we study the classical Mackey-Glass system motion (figure 3).

0 20 40 60 80 100

0

0.5

1

1.5

t, s

θ,
ra

d

θ

Figure 3: Results of numerical solution (24) with 𝜃0 = 1, 𝛾 = 1, 𝛽 = 2, 𝑛 = 10, 𝑗 = 300.

As shown in figure 3, the Mackey-Glass system has chaotic dynamics for a given classical set of
parameters. Moreover, its motion trajectory is bounded and does not exceed 1.5. If one interprets
Mackey-Glass system output as some angle, it is clear that only relatively small angular positions can
be reached in this case. In our further studies, we increase the state variable 𝜃 by multiplying it by 6 to
get from the angular position in the range from zero to 2𝜋 rad.

Such a multiplication enables to form a chaotic system radius-vector as shown in figure 4.
The given simulation results prove the above-given sentence about the bounded radius vector. Also,

it is possible to see that any algebraic transformations of a chaotic signal lead to a new signal whose
nature is also chaotic. Moreover, using trigonometric functions dramatically changes the produced
signal compared to the initial one.

The last fact causes the necessity to study the formation of the system radius-vector for values
of the multiplication factor 𝑘 from the set {1, 2, 3, 4, 5, 6}, which defines the scaling of the system
angle to reach various parts of the system trajectory. Corresponding simulation results are shown in
figures 5–10.

Analysis given in figures 5–10 simulation results proves the dependence of system motions on the
multiplication factor 𝑘 and shows that increasing this factor makes system motions more nonlinear and
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Figure 4: Studied system radius-vector 𝜌 for 𝜃 ∈ [0, 2𝜋].

0 20 40 60 80 100
1

1.2

1.4

1.6

1.8

2

2.2

t, s

ρ

ρ

Figure 5: System radius-vector for 𝐾 = 1.
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Figure 6: System radius-vector for 𝐾 = 2.
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Figure 7: System radius-vector for 𝐾 = 3.

0 20 40 60 80 100

0

0.5

1

1.5

2

t, s

ρ

ρ

Figure 8: System radius-vector for 𝐾 = 4.

increases the speed of radius-vector changing. We offer to consider this fact while a chaotic system
with trigonometric functions is being designed.

The above-given numerical solutions for (24) and (25) are obtained by using the Arduino Due
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Figure 9: System radius-vector for 𝐾 = 5.
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Figure 10: System radius-vector for 𝐾 = 6.

developer board based on the Atmel AT91SAM3X8E ARM Cortex-M3 MCU as the calculation unit and
transmitting data by using the serial communication interface to the PC. We use PgfPlot LATEX package
for visualising the obtained data.

In figures 11–28, we show simulation results for (43) which are obtained by using the same hardware
implementation. These results are given for the different values of the multiplication factor 𝐾 .
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Figure 11: 𝑥,𝐾 = 1.
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Figure 12: 𝑦,𝐾 = 1.

The simulation results show that the designed system has a cardioid-like localized attractor exhibiting
hidden chaos. Moreover, it is possible to construct a system that forms only part of this attractor by
using specific values of the multiplication factor 𝐾 .

3.3. Parameters sensitivity analysis

To quantitatively assess the robustness of the proposed chaotic system, we perform a parameter
sensitivity analysis and compare the results with the classical Mackey–Glass system. We plot bifurcation
diagrams for both systems by varying a single parameter while keeping all other parameters fixed
and equals to previous given values. This approach allows evaluating how small perturbations in key
parameters affect the long-term dynamics and whether the chaotic regime remains structurally stable.
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Figure 13: Phase portrait,𝐾 = 1.
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Figure 14: 𝑥, 𝐾 = 2.
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Figure 15: 𝑦,𝐾 = 2.
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Figure 16: Phase portrait,𝐾 = 2.

0 20 40 60 80 100
−0.5

0

0.5

1

1.5

2

t, s

x

x

Figure 17: 𝑥,𝐾 = 3.
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Figure 18: 𝑦,𝐾 = 3.

3.3.1. Sensitivity of the classical Mackey–Glass system

The classical Mackey–Glass equation is known for its high sensitivity to parameter variations, especially
with respect to its parameters.
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Figure 19: Phase portrait,𝐾 = 3.
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Figure 20: 𝑥, 𝐾 = 4.
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Figure 21: 𝑦,𝐾 = 4.
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Figure 22: Phase portrait,𝐾 = 4.
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Figure 23: 𝑥,𝐾 = 5.
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Figure 24: 𝑦,𝐾 = 5.

The bifurcation diagrams obtained for the reference model clearly demonstrate smooth periodic
dynamics for small parameter values and the onset of fully developed chaos for sufficiently large values.
In figures 29, 30, and 31 we show bifurcation diagrams to study system sensitivity for some factors
which are the common for continuous and discrete time models. Due to the lack of space we do not
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Figure 25: Phase portrait,𝐾 = 5.
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Figure 26: 𝑥, 𝐾 = 6.
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Figure 27: 𝑦,𝐾 = 6.
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Figure 28: Phase portrait, 𝐾 = 6.

show here the diagrams for specific factors of discrete-time model and leave them for future papers.
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Figure 29: 𝛾 = 𝑣𝑎𝑟.
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Figure 30: 𝛽 = 𝑣𝑎𝑟.

These transitions are consistent with the well-documented behavior of the Mackey–Glass system,
confirming that our numerical implementation reproduces the expected dynamical structure.
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Figure 31: 𝜏 = 𝑣𝑎𝑟.

3.3.2. Sensitivity of the proposed polar-attractor–based system

The proposed system, although structurally different, exhibits a qualitatively similar route to chaos. Its
bifurcation diagrams show regions where the attractor remains single-valued and a broad chaotic band
analogous to the chaotic zone of the Mackey–Glass system.

Compared to the classical model, the proposed system demonstrates a novel chaotic behavior (fig-
ures 32, 33, 34, 35, 36, and 37).
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Figure 32: 𝛾 = 𝑣𝑎𝑟.
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Figure 33: 𝛽 = 𝑣𝑎𝑟.

This indicates that the chaos generated by the proposed model is less fragile with respect to parameter
perturbations, an important property for hardware implementation where coefficients may slightly
drift due to quantization or timing inaccuracies.

3.3.3. Comparative interpretation

By placing the two bifurcation diagrams side-by-side, several important observations can be made:

• Both systems share a similar qualitative bifurcation structure, confirming that the proposed
design faithfully preserves the canonical characteristics of delay-based chaotic systems.

• The proposed system exhibits fewer narrow periodic windows, which typically complicate
hardware implementation because they may be unintentionally triggered by quantization noise
or clock jitter.
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Figure 34: 𝜏 = 𝑣𝑎𝑟.
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Figure 35: 𝛾 = 𝑣𝑎𝑟.
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Figure 36: 𝛽 = 𝑣𝑎𝑟.
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Figure 37: 𝜏 = 𝑣𝑎𝑟.

These findings support the conclusion that the proposed chaotic system offers a more stable yet still
strongly chaotic alternative to the classical Mackey–Glass system, particularly suitable for embedded
implementations. Because the proposed system exhibits reduced parameter fragility, small deviations
caused by ADC/DAC quantization, finite precision arithmetic, clock jitter in sampling period or limited
resolution of system parameters do not significantly suppress the chaotic regime.

3.4. Influence of sampling period on stability and chaotic fidelity

All above-shown simulation results are obtained for the sample time 𝑇𝑠 = 10 𝑚𝑠. At the same time,
it is clear, that a smaller sampling period improves the fidelity of the discrete-time realization to the
continuous model but increases CPU load on the Arduino Due. This fact raises an important problem
of numerical stability analysis of the studied system in term of sample time 𝑇𝑠.

We offer to perform this analysis by studying eigenvalues of discrete-time implementation of dynam-
ical system which is linearized near stable point 𝑥0, 𝑦0

𝑥̇ = 𝑎11𝑥+ 𝑎12𝑦; 𝑦̇ = 𝑎21𝑥+ 𝑎22𝑦, (46)

here factors 𝑎𝑖𝑗 are components of system Jacobian which are taken in stable point

J =

⎛⎝ 𝜕𝑓1(𝑥,𝑦)
𝜕𝑥

⃒⃒⃒
𝑥0,𝑦0

𝜕𝑓1(𝑥,𝑦)
𝜕𝑦

⃒⃒⃒
𝑥0,𝑦0

𝜕𝑓2(𝑥,𝑦)
𝜕𝑥

⃒⃒⃒
𝑥0,𝑦0

𝜕𝑓2(𝑥,𝑦)
𝜕𝑦

⃒⃒⃒
𝑥0,𝑦0

⎞⎠ =

(︂
𝑎11 𝑎12
𝑎21 𝑎22

)︂
, (47)
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where 𝑓𝑖(𝑥, 𝑦) are left-hand expressions in (42).
One can define the stable point if he assumes in (42) 𝑥̇ = 𝑦̇ = 0, 𝑦 = 𝑦𝜏 and solves

0 = −
(︀
sin

(︀
arccos

(︀
−0.5 + 0.5

√
1 + 4𝑥

)︀)︀√
1 + 4𝑥

)︀
× (48)

×
(︁
𝛾 arcsin(𝑎3𝑦

3 + 𝑎1𝑦) + 𝛽
arcsin(𝑎3𝑦3+𝑎1𝑦)

1+arcsin(𝑎3𝑦3+𝑎1𝑦)𝑛

)︁
;

0 = (2 cos2(arcsin(𝑎3𝑦
3 + 𝑎1𝑦)) + cos(arcsin(𝑎3𝑦

3 + 𝑎1𝑦))− 1)×
×
(︁
𝛾 arcsin(𝑎3𝑦

3 + 𝑎1𝑦) + 𝛽 arcsin(𝑎3𝑦3+𝑎1𝑦)
1+arcsin(𝑎3𝑦3+𝑎1𝑦)𝑛

)︁
;

for 𝑥 and 𝑦 with the above-defined system parameters.
This solution gives us set of various roots most of them are defined in the complex plane and thus

should not be considered due to the real nature of signals 𝑥 and 𝑦. Thus, only one real solution
𝑥 = 1, 𝑦 = −0.11, which corresponds the above-shown system motions, can be taken into further
studies.

Now let us find factors 𝑎𝑖𝑗 by defining the derivatives in (47), substituting coordinates of stable point
into their formulas, and equalizing the derivatives with corresponding factors

𝑎11 = 0.012; 𝑎21 = 2.52; 𝑎21 = 0.11; 𝑎22 = −2.84. (49)

These factors define eigenvalues for the continuous-time system (42)

𝜆1 = −2.934; 𝜆2 = 0.106. (50)

The considered system has both positive and negative eigenvalues of linearized dynamical system
which can show the complex motion of initial system.

Now we apply (17) to (46) and rewrite these equations into discrete-time form

𝑥 = 𝑧−1𝑥(1 + 𝑇𝑠𝑎11) + 𝑇𝑠𝑎12𝑧
−1𝑦; 𝑦 = 𝑇𝑠𝑎21𝑧

−1𝑥+ (1 + 𝑇𝑠𝑎22)𝑧
−1𝑦. (51)

One can define 𝑖-th eigenvalue for this system by using known eigenvalue of continuous time system
in such a way

𝜇𝑖 = 1 + 𝑇𝑠𝜆𝑖 (52)

It is clear that discrete system’s solution is stable if following condition becomes true

|1 + 𝑇𝑠𝜆𝑎| < 1, (53)

where 𝜆𝑎 is eigenvalue which takes maximal absolute value.
This condition enables to define following expression for sample time 𝑇𝑠

𝑇𝑠 <
2

|𝜆𝑎|
or 𝑇𝑠 <

2

|𝜆1|
or𝑇𝑠 < 0.68. (54)

It is clear that this value is much greater when the used sample time. Thus, the problem of solution
stability should not be raised for the considered system with given factors while MCU with small time of
working cycle is used. Unstable solution can be reached if one increases the maximal system eigenvalue
more than 70 time. However, such a raising cannot be physicaly reached in the studied system with the
considered parameters.

4. Conclusion

Our paper proves the possibility of designing a chaotic system with a predefined phase portrait by by
treating the parametric equations of the desired attractor as observability equations for the well-known
or novel-designed chaotic systems, whose coordinates can be interpreted in different coordinate systems.
The differentiating of the observability equations allows us to define a novel chaotic system, which
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can have as many outputs as the number of observability equations employed. One can use this fact to
change the order of the designed system. Our approach shows the possibility of defining separate and
interconnected system outputs. Since we consider the system transformation from polar to Cartesian
coordinates, the main feature of the studied systems is the use of trigonometric functions to define their
motion equations, which extend the class of nonlinearities to produce chaotic oscillations.

Since the system motions dramatically depend on the multiplication factor, which enables scaling
the system angular position and use various ranges of trigonometric functions, we see the future
development of our work in the design and investigation of chaotic systems that employ nonlinear
scaling functions to transform the system angular position to desired ranges of trigonometric functions’
arguments. We believe it will allow us to design novel systems with unique features and their quantitative
chaos characteristic based on Lyapunov exponents and Kaplan–Yorke dimensions will be discussed.
Also, it is possible to use our approach to design systems that produce attractors similar to known polar
curves and study their cryptic features in various digital devices with different integration algorithms,
discretization time, and data bus width.

Declaration on Generative AI

The authors have not employed any Generative AI tools.
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